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Abstract 

A conjecture of Berkovich asserts that every non-simple finite p-group has a non-inner automor- 
phism of order p. This conjecture is far from being proved despite the great effort devoted to it. 
In this peper we prove it for p-groups of coclass 2, provided that p is odd. Some related results 
are also proved, and may be considered as interesting independently. 
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1. Introduction 

Automorphisms of finite /9-groups are quite mysterious, and many old problems in this area 
are still open. May be the most attractive are the divisibility conjecture stating that |G| divides 
\ \Aut(G)\, if |G| is greater than p 2 . And the question or the conjecture of Berkovich stating that 

lf~) ■ every non-simple finite /7-group has a non-inner automorphism of order p. 

This conjecture is confirmed for various classes of /7-groups, regular /^-groups by Schmid [12], 
see also Jamali [8] for p — 2, powerful /^-groups by Abdollahi [2], and specially for ^-groups 
of class not exceeding 3 by Liebeck [10], Abdollahi [1] and Abdollahi et al [3 ]. Notably, Dea- 
conescu and Silberberg [4 ] have reduced it to the case when the p-group G is strongly frattinan, 
that is C G (Z(0(G))) = <D(G). 

If G is a p-group of order p" and class c, then the coclass of G is equal to r — n-c. Classifying p- 
groups by considering the coclass as the primary invariant, has proved a great success. We refer 
the reader to C. Leedham-Green [9], for the details. At this time, It's not clear how to studying 
the conjecture of Berkovich in the framework of coclass theory. And this conjecture is almost 



studied for groups of small class or some close families, as for example considering G/Z(G) to 
be powerful as done by A. Abdollahi in [2]. 

It's natural to consider this question for /7-groups in the opposite side, namely for those with 
small coclass. it's easy to see that is true in the maximal class case. So the next candidate are 
p-groups of almost maximal class, or those of coclass 2. In section 5, of this paper we prove that 
the conjecture is true for these p-groups provided that p is odd. 

The reader may not consider the previous as the main result in the paper. In section 3, and under a 
suitable condition, we prove a result about the structure of some automorphism groups. Namely, 
about the group of automorphisms centralizing G/H, where H denotes the full inverse image in 
G of fii(£_(G)/£i(G)). These automorphisms may be considered as the farthest removed from 
central automorphisms ( see [6]). 
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Before, and in section 2, we have to list some preliminary results which we shall need in the fol- 
lowing sections. The main idea is to consider the additive group Der(G,A) of derivations from 
G into A as ring, when A is a normal abelian subgroup of G, viewed as a G-module via conjuga- 
tion. And also considering the adjoint group of this ring as a suitable group of automorphisms. 
This allows us to capture some of the properties of this automorphism group by means of the 
properties of the associated ring. 
A natural sequence of ring homomorphisms 



arise when B is a normal subgroup of G, such that B < A and B s c B for every 6 e Der(G,A). 
In section 4, we shall caracterize the /^-groups, p odd, with an exact sequence of the obove type, 
under the assumption that A is elementary abelian of rank 2. 

Throughout this paper, the unexplaned natation is standard in the leterature. We denote by f;(G) 
and y,(G), the terms of the upper and the lower central series of the group G, respectively. And 
d(G) will denote the minimal number of generators of G. Following A. Mann, we say that a 
/?-group G is /^-central if every element of order p (of order 4, if p = 2) in G is central. If N is 
a normal subgroup of G, we denote by Aut^(G) the group of automorphisms cr of G having the 
property x~ l a{x) e N, for all x e G. 

If R is a ring, then we donote by R + it's addative group, and by R° it's adjoint group. The nth 
power of an element x in the group R° is denoted by x {n \ 

2. Preliminaries 

Let R be a (associative) ring, not necessarily with an identity element. The set of all elements 
of R forms a monoid with identity element e R under the circle composition xoy = x + y + xy, 
this monoid is called the adjoint monoid or semi-group of the ring R. The adjoint group R° of 
the ring R is the group of invertible elements in the previous monoid. Following Jacobson, we 
say that R is radical if his adjoint semi-group is a group, or equivalently R° = R. 

The nth power R n of R is the additive subgroup generated by the set of all products of n 
elements of R. We say that R is nilpotent if R n+l = for some non-negative integer n, the least 
n satisfying R n+l = is called the degree of nilpotency of the ring R. Notice that every nilpotent 
ring R is radical since for every x e Rwe have 



The Jacobson radical of the ring R is the largest ideal of R contained in the adjoint group R°. This 
imply that R is radical if and only if it coincides with its Jacobson radical. By a classical result 
the Jacobson radical of an artinian ring is nilpotent, hence every artinian (in particular finite) 
radical ring is nilpotent. 

Lemma 2.1. The adjoint group of a nilpotent ring R is nilpotent of class at most equal to the 
degree of nilpotency ofR. 

Following [6], we say that a ring R is right (left, resp) p-n\\ if every element x e R satisfying 
px = is a right (left, resp) annihilator of R. The ring R is said to be p-m\ if it is right and left 



-» Der(G, B) -> Der(G,A) -> Der(G/B,A/B) 




p-ml. 
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For example, for every ring R the subring S = pR is p-nil. Also we check easily that the left and 
the right annihilators of Q,\(R + ) are respectively right and left p-nil. 
The following three results are taken from [6]. 

Lemma 2.2. Let Rbe a ring with an additive group of finite exponent p m . IfR is left or right p-nil 
then R is nilpotent of degree at most equal to m. In particular the adjoint group R° is nilpotent 
of class at most equal to m. 

Lemma 2.3. Let Rbe a p-ring, p odd. IfR is left or right p-nil, then Qj„|(/?°) = Q.„{R), for every 
n>\. In particular we have Q„(R°) = £l{ n )(R°). 

Now, let G be a group and A be a normal abelian subgroup of G. Then A can be viewed as 
a G-module via conjugation. Let denote by Der(G, A) the additive group of derivations from G 
into A, that are the mapping 6 : G — » A having the property S(xy) = 8(x) y 6(y), for all x,y e G. 
This additive group endowed with the multiplication S\62(x) = 62(S\(x)) has a structure of a ring. 
Let Aut A (G) be the group of the automorphisms cr of G having the property x~'cr(x) e A, for all 
x e G, then we have the following relation. 

Proposition 2.4. Let Gbea group and A be an abelian normal subgroup ofG. Then the mapping 
cr h-> So-, with do-(x) = x~ x cr(x) determines an isomorphism between the group Aut A (G) and the 
adjoint group of the ring Der(G,A). 

Let B be a normal subgroup of G, such that B < A and B s c B for every 6 e Der(G,A). Then 
we have a canonical embedding of the ring Der(G, B) in Der(G,A). 

Also A/B is a G/B-module under the usual action and the map 6 i-» 6 defined from Der(G,A) to 
Der(G/B,A/B) by 6(xB) = 5{x)B is ring homomorphism. 

Lemma 2.5. Under the above notation, we have the following exact sequence of ring homomor- 
phisms 

-» Der(G, B) -> Der(G,A) -> Der(G/B,A/B) 
Proof, straightforward. □ 

We also need the following easy observations. 

Lemma 2.6. IfG is a finite p-group, then every maximal subgroup M ofG occurs as the kernel 
of a homomorphism r : G — > 1 p . 

Proof. Let be g e G - M. Then G -< g > M and so every element of G can be written in the 
form g'm, with m e M. The map r(g'm) - i mod p, defines a homomorphism from G to 7L p with 
a kernel equal to M. □ 

Lemma 2.7. IfG is a purely non-abelian finite p-group, then Q.\(Z(G)) < O(G). 



Proof. Let z e Qi (Z(G)). If there exists a maximal subgroup M such that zi M, then G 
xM. Thus G is not purely non-abelian. 
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=< z > 
□ 



3. Almost central automorphisms 



Let H be the full inverse image in G of Q.\((2(G)l(i(G)). The subgroup H arise naturaly in 
the study of central automorphisms of G, since the inner central automorphisms of order p, are 
induced exactely by H. 

It's well known that d(G)d(((G)) + d(H/( 1 (G)) imply that G has a non-inner central automor- 
phism of order p. In fact this condition is also necessary provided p > 2 (see [6]). The /^-groups 
of maximal class are straightforward examples satisfying this condition. Note that /^-central p- 
groups also satisfy this inequality. This follows easily from a theorem of Thompson (see [7], III, 
12.2, Hilfssatz), and from a theorem of A. Mann [1 1] fo p — 2. 

Here, we prove structural results about the group Autn(G), under a suitable condition, namely 
for finite p-groups G satisfying Cc($>(G)) < <t>(G). It seems that this condition plays the same 
role in studying Aut H (G), as (\(G) < <£(G) for central automorphisms (see [6]). 

Theorem 3.1. Let G be a finite p group such that C C (<S>(G)) < O(G). Let H be the full inverse 
image in G of Q.\(inn(G)) and let denote H, = Q,(//). Then 

1 . the group Aut H (G) is nilpotent of class at most min{r, s} + l. Where p r = exp(Glyi(G)) and 
p s = exp(((G)). 

2. Aut Hl (G) is nilpotent of class at most 2. 

3. If p > 2, then Aut H (G) has a regular power structure in the sens 

£li(Aut H (G)) = Cl {i] (Aut H (G)) = Aut Hi (G). 
Before proving this theorem, we need the following lemmas. 

Lemma 3.2. The subgroup H lies in Cc(4 ) (G)). Moreover, under the condition Cc(<&(G)) < 
O(G), the subgroup H is abelian. 

Proof. Every element h e H defines a homomorphism x h-> [x, h] from G to its center. Since 
[x,h] p = [x,h p ] = 1, the image of the previous homomorphism is elementary abelian. Thus 
G/C G (h) is elementary abelian, and so «D(G) < C c (h). Therefore h e C G (<J>(G)). If C G (<J>(G)) < 
<D(G), then H < Z(<D(G)). Hence H is abelian. □ 

In the remaining part of this section D and D\ denote respectively the rings Der(G, H) and 
Der(G,H\). 

Lemma 3.3. Under the condition C G (0(G)) < O(G), we have 

1. D 2 c Hom(G, ((G)). 

2. £>! 3 = 0. 

3. The factor ring DjD\ is right p-nil, and has exponent at most p mln ^ s \ Where p r = 
exp(G/y 2 (G)) and p s = exp(£(G)). 

Proof. 1. Let take A - H and B = ((G), in lemma 2.5. Since H/((G) lies in the center of 
G/((G), we have Der(G /((G), H/((G)) = Hom(G/((G), H/((G)). And since H/((G) is 
elementary abelian, H/((G) < <I>(G)/((G) is contained in the kernel of every homomor- 
phism in Hom(G/((G),H/((G)). This imply that Hom(G/((G),H/((G)) is a null ring. By 
lemma 2.5, the ring D/Hom(G, ((G)) can be embedded in Hom(G/((G), H/((G)). And so 
D 2 c Hom(G, ((G)). 
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2. Let take A — Hi and B = Qi(£(G)) = Z\. We have H\jZ\ is central in GjZ\ and has 
exponent p. A similar argument to that in (1) imply that D 2 c Hom(G,Z\). Since every 
homomorphism in Hom(G, Z\) contains <I>(G) in its kernel, Hom(G, Z\) is a right annihilator 
of D\. ThusDi 3 = 0. 

3. Let 5 + Di e Cl^D/Di). Then p 2 6 = 0. And since p6(x) = 5(x) p e ((G), for all x e G, we 
have pd e Hom(G,Z 1 ). Thus = for all 6' e D, since Hom(G,Z\) is aright annihilator 
of the ring D. This imply that S'S e Di, and so the ring D/D\ is right p-nil. On the 
other hand, the homomorphism of group D — > Hom(G, ((G)) which maps 6 to pS, induces 
a monomorphism D/D { -> Hom(G,£(G)). Thus exp(D/D l ) < exp(Hom(G,((G))) = 

p min{r,s)_ ^ fol j ows 

□ 

Proof of theorem 3.1. 1. Since DjD\ is a right p-nil ring, by lemma 2.2, D min{r ' s]+1 c D\. 
And by lemma 3.3, 1., we have D min{r - s]+1 c Hom(G,£(G)). It follows that D m, '" lr - 5|+1 c 
Hom(G, Z\). Since Hom(G, Z\) is a right annihilator of the ring D, we have D mm M+ 2 = 0. 
Hence D has nilpotency degree at most min{r, s] + 1, and so Autn(G) = D° has nilpotency 
class at most min\r, s} + 1. 

2. Since Am?//, (G) = Di°, it follows immediately from lemma 3.3, 2. that Aut Hs (G) has nilpo- 
tency class at most 2. 

3. We begin by showing that D/D. n (D + ) is a right p-nil ring, for n > 1. If 6 + Q„(D + ) e 
fii(D/Q„(D + )), then pd e 0„(D + ). Hence p"J e D, n Hom(G,£(G)), and so p"<5 e 
Hom(G,Zi). It follows that p B 5'5 = ,for all 5' e D. Thus 5' 6 e f2„(D + ). 

Now, we claim that Q(„)(D°) = Q„(D + ), for every n > 1. For n = 1 we have 5 e Qi(D + ), or 
equivalently 5 e D\, imply that 6 3 = 0. Thus 

hence 6 € Q (1} (D°). Conversely, if 5 {p) = 0, then in particular 5 (p) = OmodD,. Since 
D/Di is right p-nil, by lemma 2.3 we have pd — mod D\. Hence 6 2 e D\, and by lemma 
3.3, 1. 5 2 e Hom(G,£(G)). It follows that 5 2 e Hom(G,Z l ), which imply c5 3 = 0. Thus 
= 5 {p) =p6 + (§5 2 = pS, and so 6 e Qi(D + ). 

Now we proceed by induction on n. We have 5 e Q. n (D + ) imply 5 + Q„_i(D + ) e 
Qi(D/£Vi(D + )). Since D/Q. n .i(D + ) is a right p-nil ring, (5 + Q„-i(D + )) w = Q. n ^(D + ). 
Hence 5 W e fi„_i(D + ), and by induction 6 (p) e Q { „_i } (£>°). Thus = 0. This shows that 
£2„(D + ) c Qj„|(D°). The inverse inclusion follows similarly. 

Finally, since Q„(D + ) is an ideal in the ring D, it follows that Qj„)(D°) is a subgroup of D° . 
Thus Q,„(D°) = Q, [n) (D°). And since Q„(D + ) = Der(G,H n )° = Aut Hri (G), the result follows. 

□ 



4. p-groups with an exact sequence 



Throughout this section, unless otherwise stated, G denotes a finite p-group, where p is an odd 
prime. And A denotes a normal subgroup of G, which is elementary abelian of rank 2, and not 
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central. 

we wish to caracterize the class of the groups G such that the following sequence is exact. 

-» Der(G,Zi) -> Der(G,Z x ) -» DeriGjZ x ,AjZ x ) -> 

Where Zi denotes the intersection of A with the center. 
Notice that the above sequence can be written as 

-» Hom(G,Zi) -» Der(G,Zi) -» HomiG/ZuA/ZO -» 

and by lemma 2.5 we have only to focus on its exacteness in Hom(G/Z\, A/Z\) 
To work in a general framework, it's convenient to consider the following notion. 

Definition 4.1. Lef C be a maximal subgroup of G. We say that G is full with respect to C if 
every maximal subgroup M + C contains a subgroup K such that : 

1 . K is not normal and has index p 1 in G 

2. K C\ C is a normal subgroup ofG which contains the subgroup G p . 
Let us note some easy facts related to the above definition. 

1 . Clearly, if G is full with respect to one of its maximal subgroups, then G can not be powerful. 

2. In order for G to be full with respect to a maximal subgroup C it's necessary and sufficient 
that G/y 3 (G)G p is full with respect to C/y 3 (G)G p . 

3. If G is full with respect to C, then G is full with respect to C°" for every cr e Aut(G). 

The class of p-groups defined above is very large as shows the following proposition. 

Proposition 4.2. If G is 2-generated and not powerful, then G is full with respect to all its 
maximal subgroups. 

Proof. Let C be a maximal subgroup of G. 

Let N = j3(G)G p , and let denote by G\ the section G/N. It follows immediately that G\ has 
exponent p and class at most 2, and so 0>(Gi) < Z(Gi), that is <D(G)/W < Z(G/N). 
If Gi is abelian, then y 2 (G) < y 3 (G)G p . This imply that y 2 (G) < G'\ which means that G is 
powerful, a contradiction. Thus G has class exactely 2. 

Now let M + C be a maximal subgroup of G. If M\ - M/N is cyclic, then \M\ \ = p, since Gi 
has exponent p. This imlpy that |Gi| = p 2 , thus G\ is abelian, a contradiction. Therefore M\ is 
not cyclic, and so it contains at least p + 1 maximal subgroup. Let K/N be maximal subgroup in 
M/N which is distinct from Q>(G)/N. 

i) It follows immediately that K < M has index p 2 . And if K is normal in G, then 72(G) < K. 

And since G p < K we obtain O(G) = K, a contradiction. Thus K is not normal in G. 

ii) We have KC\C < MC\C = O(G), hence (K n C)/N < <t>(G)/N < Z(G/N). Thus K n C is 

normal in G. 

The result follows. □ 



Now we state the main theorem of this section. 
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Theorem 4.3. Assume that G is purely non-abelian, C is the centralizer of A in G, and Z\ 
A n Z(G). Then the sequence 



-> Hom(G,Zi) -> Der(G,Zi) -> Hom(G/Z u A/Zi) -> 
is exacf if and oniy if G is /«// wif/t respect to C. 

We need the following three lemmas before embarking on the proof. Throughout these, G is 
assumed to be full with respect to C = Cc(A). And K will denote a subgroup of a fixed maximal 
subgroup M + C, which satisfy the conditions 1 . and 2. of definition 4. 1 . 

Lemma 4.4. Let y e C - M and x e M - K. Then the map k h-» a(k) defined from K into % p by 
the relation 

[k,y] = x a(k) mod K 

is a group homomorphism, whose kernel is equal to K DC. 

Proof. Clearly, K + K n C and K/K n C = KC/C has order p. It follows that K n C has index 
p 3 in G, and so y 3 (G) < n C. 
Let fe, if e Then 

[Af.y] = [k,y][k,y,k'][k',y] 

hence 

[jkif.y] = [k,y][k',y] modK 

that is 

= ^(k) x a(k') mod ^ 

This shows that a is a homomorphism. 

If a is null, then < y >< Nc(K). And since K is normalized by M, this imply that K < G, a 
contradiction. We claim that n C < ker(a), which imply that n C = ker(a). This follows 
immediately from the fact K n C is normal in G. 

□ 

Lemma 4.5. For every ueA-Z\, there exists z&Z\ such that [k, u] = z ffW for all ke K. Where 
a : K — > Z p is the homomorphism defined in lemma 3.4, and Z\= AC\ Z(G). 

Proof. Since \A\ = p 2 , we have A < f 2 (G). Therefore [k,u] e A n Z(G) = Zi for all fee/:. 
It follows that the relation k i-> m] is a homomorphism from into Zi , and whose kernel is 
KnC. 

If we fix a non-trivial element zo of Z\, we obtain a homomorphism p : K Is p with [A;, m] = 

Now we have two homomorphisms a and ft defined from K onto 7L p and whose kernels are equal 
to K n C. We can identify them to their induced homomorphisms in Hom(K/ (KnC), 7L p ~), which 
is isomorphic to "L p . Hence there exists a positive integer i such that j3 = ia, and so we have for 

z = 4 

[Jfc, k] = 4 W = z a(k) for all Jk € K 
The result follows. □ 

The following lemma may be considered as the key to prove theorem 4.3. 
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Lemma 4.6. Let be y e C - M and x e O(G) - K. Then for every u e C - Z\, there exists 
z e Z\ such that 5 : G — > A defined by 5{kx ] y l ) = z J u' is a derivation. Where k e K and i, j are 
non-negative integers. 

Proof. Let z be as defined in lemma 4.5. 

First we show that 6 is a well defined map. Clearly, every element g e G can be written as 
g = kx-iy', where k e K and ;', j € N. If g = kx'y 1 = k'x 1 then y' = y 1 ' mod M. Thus p divides 
i - i', that is i - V = pi for some integer I. We have kx'y pl = k'x->' . Since y pl e G p < K, we have 
x j = x-i' mod K, thus p divides j - /. Since A is elementary abelian, we have u l ~ 1 ' = z 7- - 7 ' = 1, 
and so z-V = z J V ' . 

Now we prove that 5 is a derivation. Letg = kx'f and g' = k' x'' y 1 ' . We have 

gg ' = kx i [y- i ,x- f k'- l ]k'x i 'y i+i ' 

= kx j [y-\ k'- l ][y-\ x- f f~'k'x f y i+i ' 

since K n C is maximal in Zf, n C has index p 2 in C. And since K n C is normal in G, we have 
72(C) < A" n C. 

Thus fej = [y-', jc^'T"' e A n C. 
Also, we have 

o 

\y-\kf- 1 ] = \\b~\k'- x r 

r=i-\ 


r=i-\ 

= [y-\k'- 1 ] i k 2 

for some k 2 € K 
And we have 

[y- 1 ,* , - 1 ] i = (.\y,v- 1 y 1 r = a*r 1 ,y] i y rl 

= [k'-\ymk'-\yty- x ] 

= x- ia{k,) h 

for some k^ e K. It follows that 

gg' = kx i x- aV) kT,k 1 k x k'x i 'y M ' 
= k 4 x j+f - ia(k ' ) y M ' 

for some k 4 e K. And thus 6(gg') = Z M-^) U M' 
On the other hand, 

S(g) g '6(g') = (zvy^Vy 

using the fact that x j 'y 1 ' e Cc(A) = C, we obtain 

S(g) g 'S(g') = (zV')W 
= z j (u k ') i z f u i ' 

= z i u i [u,k'] i z f u 1 ' 
8 



by lemma 3.5, [u,k'Y = z ta(k '\ hence 

6(g) g 'S(g')=z j+j '- ia(k ' ) u i+i '. 

The result follows. 

□ 

Proof of theorem 4.3. First we have to show that if G is full with respect to C = Cc(A), then the 
following sequence is exact. 

Der(G,A) -> Hom(G/Z u A/Zi) -» 

Let / e Hom(G/Z\,A/Z\). If / = 0, then it can be lifted to the trivial derivation in Der(G,A). 
Hence we shall assume that / + 0. Since \A jZ\ \ = p, the kernel of / is a maximal subgroup in 
G/Zi, and so have the form MjZ\, where M is a maximal subgroup in G. we have to examine the 
two cases: 

1. M + C 

Let y e C - M, and let u e A - Z\ such that uZ\ = f(yZ\). Let K be a subgroup of M 
satisfying the conditions (1) and (2) of definition 4.1, and let x e <p{G) - K. By lemma 4.6, 
there exists z e Zi such that 5 : G — > A defined by 6{kx^y l ) = z j u' is a derivation, and clearly 
/ is induced by this derivation. 

2. M = C. Let t e G-C, and let h € A - Zi such that mZi = f{tZ\). It follows from the identity 

(jck) p = xV[x, it]® for all x € G 

that 

yi+t+...+t p ~' = j 

It's straightforward now, to check that 

is derivation from G into A, which induces /. 

Conversely, assume that the preceeding sequence is exact. Let M + C be a maximal subgroup 
in G. By lemma 2.7, M/Z] is maximal in GjZ\. And by lemma 2.6, M/Z] is the kernel of a 
homomorphism r : G/Zi — » Z p . If m g A -Z\, we can define a homomorphism / : G/Z\ — > AjZ\ 
with 

/(xZi) = (hZi)^) 

This homomorphism has kernel MjZ\, and can be lifted, by our assumption, to a derivation 
6 : G -» A. Consider = feerd = {x e G, 5(x) = 1 }. 

We have K < M, otherwise G = MK and thus G/Z\ < ker(f), a contradiction. Thus K coincides 
with the kernel of the restriction 6/M : M —> A. Clearly, 5 maps M to Z\, and so 6/M : M -» Z\ 
is a homomorphism of group. This imply that K has index at most p 2 in G. 
If is normal in G then 72(G) < K. Let y 6 C - M such that 5{y) = w,with u e A - Zj . Then for 
every m e M we have 

5(my) = £(m)- v £(y) = 6(m)u. 
9 



On the other hand we have 



5{my) = 6(ym[m,y]) = 5(ym) lmj] 6([m,y]) = 6(ym) = u m 5(m) 

This imply that u m = u, for all m e M, hence M < Cc(u) = C, a contradiction. Thus K is not 
normal in G, and has index exactely p 2 in G. 

It's straightforward to chek that 8(k g ) = 1, forallfe € KnC andg e G. This imply that KnC<\G. 
And finally we have G p < K, since for every x e G we have 

p-i p-i 
8(x p ) = [\d(xf =Y\8(x)[d(x),x i ] 

r=o r=o 

= 6{x) p [8{x),xP = 1. 

The theorem follows. □ 

Corollary 4.7. Lef G be a p-group which is full with respect to all its maximal subgroups and has 
cyclic center. Then for every elementary abelian normal subgroup A of G such that A < &(G), 
the sequence 

-> Hom{G,Z{) -> Der(G,A) -> Hom(G/Z u A/Zi) -> 
is exact Where Z\ = A n ^(G). 

Proo/ Let be / e Hom(G/Z\,A/Z\), and (vi, v s ) a basis for the Z p -vector space A/Zi. For 
each i € 1, s; let A, be the subgroup of A defined by A, /Zi =< v, >. It follows imediately that A, 
is an elementary abelian normal subgroup of G of rank 2, and 

Hom(G/Z u A/Zi) s Hom(G/Z u A t /Zi) 

i 

Thus / can be written as/ = 2; /;> where /; e Hom{GIZ\, AijZ{). The above theorem imply that 
each can be lifted to a derivation <5, • : G — » A, c A. It follows that <5 = (*>i : G —> A is a 
derivation, which induces /. 

□ 

5. Non-inner automorphisms of p-groups of coclass 2 

The results developped in the previous sections allow us to prove the conjecture of Berkovich 
for p-groups of almost maximal class. 

Theorem 5.1. IfG is a finite p-group of coclass 2, p odd, then G has a non-inner automorphism 
of order p. 

Proof. Let G be a finite p-group of coclass 2. Clearaly, we have to assume that d(G)d(((G)) = 
d{( 2 {G)IC\{G)). Since G has coclass 2, &(G)/fi(G) has at most order p 2 . So d(&(G) / 'fi(G)) < 2. 
This combined with the above equality imply that \&(.G) I £\(G)\ = p 2 , |£i(G)| = p and d(G) = 2. 
So G is 2-generated and has cyclic center, and by the main result in [4], we have to assume that 
C G (Z(0(G))) = O(G), and so C G (0(G)) < <D(G). 
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Let H be the full inverse image in G of £l\{inn(G)) and let denote H\ = £1\{H). By corollary 4.7, 
we have the exact sequence 

-> Hom(G,Zt) -> Der(G,H\) -» Hom(G IZ\,H\IZ\) -> 0. 

This imply that 

|Der(G,tfi)| = \Hom(G,Z x )\\Hom(GIZ x ,H x IZi)\ 

We have 

|#0/n(G,Zi)| = |//om(G/<D(G),Zi)| = \Hom(Z p ® Z p , Z p )| = /? 2 
Similarly, we have 

\Hom(G/Z l ,H l /Z l )\=p 2 
Therefore, |Der(G,tfi)| = p 4 . Thus Aut Hl (G) = p 4 . 

Now, let denote by r ? the inner automorphism induced by g e G. If t ? lies in Ak/#, (G), then 
[x, g] € H\ < &(G)- Therefore g e (3(G). Since ^(G) has order /? 4 , the group of inner auto- 
morphisms induced by £b(G) has order |£j(G)/£(G)| = p 3 . Thus Autn^G) contains non-inner 
automorphisms. The theorem follows now from theorem 3.1, 3. 

□ 
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